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Abstract. We present a geometric construction of central extensions of cov- 
ering groups of the group of volume preserving diffeomorphisms, integrating 
central extensions of the Lie algebra of divergence free vector fields defined 
by Lichnerowicz cocycles. Certain covering spaces of non-linear Grassman- 
nians can be realized as prequantizable coadjoint orbits in these Lie group 
extensions. 



1. Introduction 

There is a geometric construction of central Lie group extensions as pull-back of 
the prequantization central extension involving the quantomorphism group. The 
ingredients are a Lie group G with Lie algebra g, a connected prequantizable sym- 
plectic manifold (Al,f2) and a Hamiltonian action of G on M. Let V — > M. be 
the principal ^-bundle with connection 1-form r\ and curvature O. We denote by 
Aut^, r\) the group of quantomorphisms, i.e. the connected component of the group 
of equivariant connection preserving diffeomorphisms of V, and by Ham(.M, O) the 
group of Hamiltonian diffeomorphisms of M. . The prequantization central extension 
[K70] [570] associated to (M,Cl) is 

1 -> S 1 -> Aut(P,J?) -> Ham(X,0) -> 1. (1) 

For a finite dimensional manifold Ai, this is an extension of Lie groups [RS81 . 
The pull-back of the prequantization extension ([T]) to G leads to a 1-dimensional 
central Lie group extension of G. This is true even if M. is infinite dimensional 
[NV03] . The corresponding Lie algebra extension of g is defined by the Lie algebra 
2-cocycle (X, Y) n> — fi(£x) Cy)(xq), where xo € M and Cx is the fundamental 
vector field on A4 for X £ g. 

Let M be a compact m-dimensional manifold with integral volume form \i and 
let Gr m _2(M) denote the non-linear Grassmannian consisting of all oriented codi- 
mension two submanifolds of M. There is a natural symplectic form on Gr m _2(M) 
[196] . denoted by jl since it is obtained from the volume form /x by the tilda map 
HV04]. It is the higher dimensional version of the natural symplectic form on the 
space of knots in K 3 [MW83] . 

The group of exact volume preserving diffeomorphisms of M acts in a Hamilton- 
ian way on Gr m _ 2 (M). The symplectic manifold Gr m _2(M) is prequantizable if 
the volume form /1 is integral. Then the pull-back of the central extension ([!]) asso- 
ciated to a connected component M. of Gr m _2(-^) with symplectic form D, = (1 is a 
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1-dimensional central Lie group extension of the group of exact volume preserving 
diffcomorphisms )I96j |HV04] . For any codimension 2 submanifold No of M in A4, a 
Lie algebra 2-cocycle describing the corresponding central Lie algebra extension of 
the Lie algebra of exact volume preserving vector fields is u>N a (X,Y) — J N ixiy^- 
This cocycle is cohomologous to the Lichnerowicz cocycle OJ^X, Y) — J M rj(X, Y)fi, 
where 77 is a closed 2-form on M such that [77] E H 2 (M, M) and [N ] eff m _ 2 (M, R) 
are Poincare dual. In particular [77] is an integral cohomology class. 

The same formulas as above define cocycles lu v and un on the Lie algebra of 
divergence free vector fields, but the corresponding (isomorphic) central Lie algebra 
extensions are in general not integrable to the group of volume preserving diffco- 
morphisms of M. The integrability to the universal covering group Diff(M, /i)o of 
its identity component is shown in [N04 by computing the period group of the 
cocycle uj^. A construction of this extension with the help of the path group of 
Diff(M,/j) is presented in |V08] . 

In this article we obtain the central extension of Diff(M, /i)o integrating ujn by 
pulling back the prequantization central extension with the help of the canonical 
Hamiltonian action of Diff(M, /x) on the symplectic manifold M, the universal cover 
of (A4,jl). Further, with the help of the flux homomorphism of ujn , we determine 
the smallest covering group Diff(M, /x) of Diff(A/, /i)o on which un is integrable. 
For infinite dimensional groups, the flux homomorphism of a Lie algebra 2-cocycle 
is an obstruction to its integrability [N02 . 

Using the momentum map, A4 can be realized as a coadjoint orbit of the cen- 
tral Lie group extension of the group of exact volume preserving diffeomorphisms 
integrating lon |H V04j . It turns out that the covering space 

M = M/KerimiM) -> # m _i(M,R)) 

of M. is a prequantizable coadjoint orbit of the central Lie group extensions of 
Drff(M, n) and Dlff(M, /j). 

The plan of the present paper is as follows. In Section 2 we consider 2-cocycles on 
the Lie algebra of divergence free vector fields, cohomologous to the Lichnerowicz 
cocycle. In Section 3 we present what is known about the integrability of these 
cocycles. With the help of the flux homomorphism we determine the minimal 
covering group of Diff(Af, /j) on which these cocycles are integrable. In Section 
4 we list some properties of non-linear Grassmannians. Geometric constructions, 
via the prequantization extension, of the Lie group extensions whose existence was 
shown in Section 3 are presented in Section 5, together with the special coadjoint 
orbit M. 

2. 2-COCYCLES ON THE LlE ALGEBRA OF DIVERGENCE FREE VECTOR FIELDS 

Let M be a compact m-dimensional manifold with volume form fj,. The infin- 
itesimal flux homomorphism is defined on the Lie algebra 3£(M, fi) of divergence 
free vector fields by: 

s„ : £(M,/i) -> H m ~ 1 (M, R), s M (X) = [i xt j]. 

The Lie algebra of exact divergence free vector fields X ex (M, //) is the kernel of s M , 
hence an ideal of X(M,fi). 

The corresponding Lie groups are the group of volume preserving diffeomor- 
phisms Diff(Af, fi) with the subgroup of exact volume preserving diffeomorphism 
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DifF ea; [M, fi). The last one is the kernel of the flux homomorphism S^, due to 
Thurston, integrating the infinitesimal flux homomorphism s M [B97] . For a Lie 
group structure on diffeomorphism groups see [K M97) . 

Every closed 2-form rj on M defines a Lie algebra 2-cocycle on X(M, /i), called 
Lichnerowicz cocycle: 

uJ n (X,Y)= f ri(X,Y)n. 
Jm 

The cocycle condition is easily verified, taking into account that the vector fields 
are divergence free: 



u r ,([X > Y],Z)=J2 [ v([X,Y],Z)n = Y, f L xV (Y,Z)v = 0. 



cycl cycl ^ cycl ^ 



Remark 1 . The map rj i— )■ u> v induces an isomorphism between H 2 (M, K) and 
H 2 (X ex (M, /j,)), the second continuous cohomology space of the Lie algebra of exact 
divergence free vector fields |R95j . 

In the exact sequence of Lie algebras 

-> X ex (M,fj,) ->• X{M,fj,) 'A H m -\M,R) -> 0, (2) 

the ideal X ex (M, /i) of exact divergence free vector fields is perfect |L74] . There- 
fore the pull-back by s M is an injective homomorphism in continuous Lie algebra 
cohomology, s* : H^(H m - 1 (M,R)) = A 2 H m - 1 (M 1 R)* -> H 2 {X{M,^)). 

In conclusion the continuous cohomology space H 2 (X(M, fi)) of the Lie algebra 
of divergence free vector fields is isomorphic to H 2 (M,R) © A 2 H m ~ 1 (M, R)*. 

Another Lie algebra 2-cocycle on the Lie algebra of divergence free vector fields 
is defined by 



Un (X,Y) = / i x iy^, 

J N 

where Nq is an oriented compact codimension 2 submanifold of M. In the same 
way, every (m — 2)-cycle c on M defines a Lie algebra 2-cocycle on X(M, /z): 

uj c (X,Y) = J ixiypi- 

Proposition 2. If the cohomology class of the closed 2-form rj on M is Poincare 
dual to [c] £ H m -2{M, M), then u) c and the Lichnerowicz cocycle lo v are cohomolo- 
gous Lie algebra 2-cocycles on the Lie algebra of divergence free vector fields. 

Proof. Every continuous linear projection P : Sl m ~ 2 (M) — > Z m ~ 2 (M) on the space 
of closed (m-2)-forms is of the form P = I-bd with b : B m ^ 1 (M) -> n m ~ 2 {M) a 
continuous linear right inverse to the differential d, where B m ~ 1 (M) = dQ m (M). 
Then another Lie algebra 2-cocycle on X(M, /j,) is given by 

ui CtP {X,Y) = J^PixivH- 

We show that both cocycles ui^ and w c are cohomologous to uj c .p- 

ui^X, Y) = I iyixi] A /i = / T]AixiYfJ-= / n/\PixiY^+ / rjAbdixiYH 
Jm Jm Jm Jm 

= uj c .p(X,Y)+ r)Abi[ X ,Y]tL 
Jm 
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and 

u) c (X, Y) - uj c ,p(X, Y) = J bdixiy^ = J bi[ X ,Y]V- 

A consequence of these computations is that lo c and uj Ct p are Lie algebra 2-cocycles 
on the Lie algebra of divergence free vector fields. □ 

Remark 3. The Lie algebra extensions by tc^, uj c and uj Ct p of X(M, fj,) are isomor- 
phic, but each of these cocycles has its advantage. When a corresponding central 
Lie group extension exists, the first one allows to find the geodesic equation for 
the right invariant L -metric. One obtains the superconductivity equation AK98 
[VOlj . The second cocycle describes the Lie algebra extensions corresponding to 
Lie group extensions constructed via the prequantization extension, as we will see 
below. The third cocycle is just the pairing with an (m — 2)-cycle c on M of the 
universal Lichnerowicz cocycle of X ex (M, /i) [R95 : 

uj:X ex (M lf i)xX ex {M,fi)^H m - 2 (M 7 R), w{X,Y) = [PixiYlA- (3) 

Indeed, the space of exact divergence free vector fields can be identified with the 
space B m ~ 1 (M) of exact (m — l)-forms on M, so we have the following exact 
sequence of vector spaces 

-> H m ~ 2 (M, R) ->• ft m - 2 (M)/B m - 2 (M) -> X ex (M, (j,) -> 0. (4) 

The Lie algebra bracket on Q 7 "- 2 (M) / B™- 2 (M): 

[a + B m ~ 2 (M),l3 + B m ~ 2 (M)] = i x Jx^ + B m ~ 2 (M), 

where ix a (J- — da, makes (j3J into an exact sequence of Lie algebras. The Lie 
algebra cocycle defining this central extension of X ex (M,fi) by H m ~ 2 (M, K) can 
be calculated with the section X a \-t b(da) + B m ~ 2 (M) of Q. Using the fact that 
Xb(da) = X a , one gets the 2-cocycle JSJ. 

3. Flux and period homomorphism for the Lichnerowicz cocycle 

Let g be a topological Lie algebra and u> a continuous Lie algebra 2-cocycle on 
q. The Lie algebra bracket on M x g: 

[( a ,A),(6,r)] = (^(x,y),[A,r]) 

defines the Lie algebra central extension R x w g of g by R. Let G be a connected 
Lie group with Lie algebra g and G its universal covering group. 

There are two obstructions to the integrability of [cj] € H 2 (g) to a central exten- 
sion of an infinite dimensional Lie group G, i.e. to finding a Lie group extension of 
G integrating the Lie algebra extension R x w g of g. One obstruction involves the 
period group and depends on ^(G), the other one involves the flux homomorphism 
and depends on 7Ti(G) |N02) . 

The infinitesimal flux cocycle f u : X 6 g n> i x uj g G^(g) is a 1-cocycle on g 
with values in the g-module C*(g) of continuous linear maps from g to R. We 
denote by X r the right invariant vector field on G defined by X e g and by lu 1 the 
left invariant 2-form on G defined by w. The abstract flux 1-cocycle associated to 
the Lie algebra cocycle lu is 

F u : G -> G^g), F u ([j\)(X) = - f i x ^ 1 . 

j 7 



LICHNEROWICZ COCYCLES AND CENTRAL LIE GROUP EXTENSIONS 



5 



Here [7] G G denotes the homotopy class of a path 7 in G starting at the identity. 
Another expression for the flux 1-cocycle is [N04 

FUh])(X) = I W ( 7 (t)- 1 7 , (i),Ad(7(i))- 1 X)dt. (5) 



By restricting F u to tti(G) we get the flux homomorphism : tti(G) — > H^(q), 
where H\ (g) denotes the first continuous cohomology space of the Lie algebra g. 

Lemma 4. The flux homomorphism associated to the cocycle ujn * s 

F No : 7ri(Diff(M,/i)) -> H^(X(M, fj,)), F No ([cp t ])(X) = f i xf i, (6) 



where the (m — l)-cycle (fiN * s (A 21 ) £ [0, 1] X JVq i-> ^t(^) £ M. 



Proof. The adjoint action in Diff(Af, yn)o is Ad(<^)A = (</? )*A and the relation 
between the left logarithmic derivative 5 l tpt = Ttp^ 1 --^(ft and the right logarithmic 
derivative is S r tp t = Ad(tp t )5 l (pt — (tp^ 1 )*S l tpt- Hence 

F No ([<pt])(X) § / uj No (6 l <p t ,Ad(tpi 1 )X)dt= f (f %s, vt i v .xn)dt 

JO JO y JN ' 

( / ftis'- Vt ixfJ')dt = / 

is the flux homomorphism (|6|). □ 

The commutator Lie algebra of 3£(M,[i) is X ex (M,/j,) |L74j . so the first contin- 
uous cohomology space H*(X(M, fi)) = H^(H m ~ 1 (M, R)) = H m -\(M, R). Under 
this identification, the flux homomorphism (j6]) becomes 

F JVo ([ ¥ > t ]) = [ VjVo ]efl m _i(M,R). (7) 

Because the first continuous cohomology space of X ex (M, /i) is trivial, the flux 
homomorphism F/v : 7Ti (Diff ex (M, fi)) — > H^(X ex (M, /x)) vanishes. 
The period group r w of a; is the image of the period homomorphism 

pet u :-K 2 (G)^R, perJM) = / <rV, (8) 

where er is a smooth representative for the homotopy class in 772(G). 

Theorem 5. N02 Assuming that the period group is discrete, the necessary 
and sufficient condition for the existence of a Lie group extension of G by M./T U) 
integrating the central Lie algebra extension Ix^g, is the vanishing of the flux 
homomorphism F^ : tt\{G) — > H^(g). In particular [u] always integrates to a Lie 
group extension of G byM/T^- 

The period homomorphism of the Lichnerowicz cocycle lu v is computed in [N04| . 
Given a smooth representative a : S 2 — > Diff(M, /j,)o in the homotopy class [a], to 
each element x G M corresponds a map a x : S 2 — > M . The integral of the closed 
2-form r\ over each a x provides a function h a ^ on M with values in the group of 
periods of 77. Now the period homomorphism ([8]) is 



J M 



so the period group r w7j is contained in the period group of the 2-form 77. 
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This shows that the period group T Ut is discrete if the cohomology class of r] is 
integral. In particular the period group of all cocycles uin is discrete too. Now the 
following result concerning the integrability of Lichnerowicz cocycles follows from 
lemma [4] and theorem 

Corollary 6. The Lie algebra 2-cocycle ujjq is integrable to DiS ex (M, /i) and to 
the universal covering group Diff(M, /i)o- 

There are also other coverings of the group of volume preserving diffeomorphisms 
where the cocycle ujn is integrable. 

Proposition 7. |V06j LetXl be the kernel of the flux homomorphism F u : 7r 1 (G) — > 
-ffc(fl) and let G = G/Ii be the associated covering group of G. Then the central 
Lie algebra extension R x w g integrates to a Lie group extension of G by R/r w . 
Moreover the covering group G of G is minimal with this property. 

Proof. The flux homomorphism of lu written for G vanishes, since it is the restriction 
of the flux homomorphism F w to iri(G) = II = KerF w . Knowing that H2{G) — 
^(G) = 7T2(G), the result follows from the previous theorem. □ 

Knowing the expression ([7J of the flux homomorphism associated to wat , we 
obtain the following corollary of proposition [JJ 

Corollary 8. A compact codimension 2 submanifold Nq of M being given, we 
consider the subgroup IIjv of 7Ti(Diff(Af, fi)) defined by 

njv - {[<pt] e 7n(Difr(M,/x))|^jv ] = € H m ^(M,R)}. 

Then the minimal covering group ofDiS(M,fi)o on which lon can be integrated is 

Diff(M, n) = Diff(M, fi) /Il No . (9) 



4. Non-linear Grassmannians 

The non-linear Grassmannian Gr„(M) consists of all oriented compact n-dimen- 
sional submanifolds without boundary of a smooth manifold M. It is a Frechet 
manifold in a natural way, see |KM97j Section 44. Suppose N £ Gr n (M). Then 
the tangent space of Gr„(M) at N can naturally be identified with the space of 
smooth sections of the normal bundle TN 1 - := (TM\ N )/TN. 

The tilda map associates to any fc-form a on M a (k — n)-form a on Gr„(M) 
by: 

(de) N {Y 1 , . . . ,Yfc_„) := / iy k _ n ■ ■ ■ i Yl a. 

J N 

Here all Yj are tangent vectors at N G Gr„(M), i.e. sections of TN- 1 . This tilda 
map is related in |V09] to a more general construction, called the hat map, used to 
get differential forms on spaces of functions. 

There is a natural action of the group Diff(M) on Gr n (M) by <p ■ N = <p(N). For 
every vector field X € 3t(M) on M, the fundamental vector field (x on Gr n (M) is 
(x(N) — X\n, viewed as a section of TN- 1 . One can verify that 

da = da Hx® = 'x a 

L^ x a = Lxa ip*a = <p*a. 
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Theorem 1 in |HV04j shows that if [a] £ H k (M,Z), then (Gr fc _ 2 (Af), a) is pre- 
quantizable, i.e. there exist a principal S^-bundle V — > Gik-2(M) and a principal 
connection 1-form n 6 ^(V) whose curvature form is a. 

Let p : M — > M. denote the universal covering projection of the connected 
component M of N e Gr„(M). The elements in M are homotopy classes [N t ] of 
curves t \-t Nt of n-dimensional submanifolds of M, starting at No. Any closed 
form a £ f2 ra+1 (M) gives rise to a smooth function a on 7W, uniquely defined by 
the conditions p*<5 = da and a([A ]) = 0, with [N ] denoting the homotopy class 
of the constant curve No- 

One can express the function a by an integral. We choose a curve ft of embed- 
dings No ^ M with ft(No) = N t , and we consider an (n + l)-chain c in M given 
by c : (t, x) e I x N a ^ f t (x) £ M. Then a([N t ]) = J c a and this integral does not 
depend on the choice of the embeddings f t , so in the sequel we will use the notation 



Let M be a closed m-dimensional manifold with integral volume form fi. The 
codimension 2 non-linear Grassmannian Gr m _ 2 (M) is a prequantizable symplectic 
manifold with symplectic form jl |I96] . On connected components of Gr m _ 2 (M) 
the group of exact volume preserving diffeomorphisms acts transitively ll \ l)T) . Let 
Ai be a connected component of Gr m _2(M) and choose No S M.. The Lie group 
Diff e:r (Af , fx) acts in a Hamiltonian way on (A4, jl). Indeed, the fundamental vector 
field (x a on M. is Hamiltonian with Hamiltonian function a, because jl = 

Kx A* = *a q A* = da, by the tilda calculus. The momentum map (non-equivariant 
in general) is 



The pull-back of the central extension ([T]) is a central Lie group extension of 
DifF e;E (M, /j,). The corresponding Lie algebra 2-cocycle is u>n , because 



Theorem 9. I96J[HV04 Let fi be an integral volume form on M and Nq a codi- 
mension 2 submanifold of M . Then there exists a 1-dimensional central Lie group 
extension of Diff ea; (M, p), with corresponding Lie algebra extension of X ex (M, ff) 
defined by the 2-cocycle lun - Moreover (M,ji) is a prequantizable coadjoint orbit 
of this extension, with Kirillov-Kostant-Souriau symplectic form. 

5. Geometric constructions of central Lie group extensions 

The existence of the central Lie group extension of the group of exact volume 
preserving diffeomorphisms, constructed in theorem [9] via the prequatization ex- 
tension, was already shown in corollary [51 In this section we present geometric 
constructions of the other Lie group extensions appearing in corollaries [6] and [8l 
namely extensions of coverings of the group of volume preserving diffeomorphisms. 

The natural action of Diff(M, if)o on the connected component M of Gr OT _2(M) 
is not Hamiltonian. By passing to universal covering spaces we obtain a Hamil- 
tonian action. Let p : M. — > A4 denote the universal covering space. The lifted 
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symplectic action of Diff(M, /i)o on A4 is transitive and Hamiltonian. The momen- 
tum map is 



J:M->X(M,n)*, J([N t ])(X) = 

J[N t ] 

because for X G X(M, fi), the fundamental vector field Cx on M is Hamiltonian 
with Hamiltonian function ixfi* (defined in Section 4): ig x p*fi, — p*ix^ — d{ix^)- 
It is non-equivariant in general. 

Proposition 10. The pull-back of the prequantization central extension {!]) asso- 
ciated to the prequantizable symplectic manifold (AA,p*jl), by the canonical Hamil- 
tonian action of Diff(Af, fi)o, is a central Lie group extension integrating the Lie 
algebra 2-cocycle u>n . 

Proof. The fact that the pull-back is indeed a Lie group, even for infinite dimen- 
sional Ai, follows from Theorem 3.4 in [NV03]. The Lie algebra cocycle is ujn 
because 



-P*~KCx,Cy)([N ]) = -KCx,Cy){N ) = - / iYi x n = u No (X,Y), 

J N 

forallX,y e£(M,/j). □ 

A geometric construction of the central extension of Diff(Af, /i)o can be obtained 
using the covering space q : M — > M defined by M = M/Um for H_m the kernel of 
the canonical projection —> H m _i(M, R), which associates to a homotopy 

class of a loop of (m — 2)-dimensional submanifolds the corresponding (m — 1) 
cycle on M. This means that [N t ] G Hm if and only if f, N , (3 — for all closed 
(to — l)-forms /3 on M. 

Lemma 11. The groups Diff(Af, /i)o and Diff(Af, /i)q act on (A4,q*ji) in a Hamil- 
tonian way, with momentum map 



J:M^3i{M,n)*, J{[N t ]){X) = i xfi . (10) 

J[N t ] 

Proof. The group Diff(Af, [i)o acts on fiA because for any two representing paths 
N t and N' t of the same element [N t ] = [N[\ € M and for any [ip t ] G Diff(M,/i)o, 
the paths (ft(N t ) and ft{N' t ) represent the same element in M.. Indeed, N\ = N[ 
and for any closed (to — l)-form j3 on M 



P= / P+ / /?=//?+/ P= / P. 

lvt(N t )\ J[N t ] J[<Pt(Ml)] J [N' t \ J[vtW)] J Wt{N' t )} 

The action of Um C Diff(M, fi)o on A4 is trivial. Indeed, let [ift] G Hm an d 
[N t ] G M. Then for any closed (to — l)-form (3 on M 



(3- (3= (3= p = Q, 

[•Pt(N t )] J[N t ] J[<Pt(Ni)] Aft(N )] 

so [<pt(Nt)] = [N] G M. Finally the Diff(M, ^) -action descends to a Diff(M, (j,) - 
action on M. 

Given X G X(Af, /i), the fundamental vector field Cx on M. satisfies Tq.Cx — Cx, 
so the action is Hamiltonian: 

Hxl*^ = 9**CxM = q*ix^ = d(i x ^), 
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with Hamiltonian function ixf* '■ [Nt] i-» f, N , ixMi a weu defined function on M.. 
Hence the momentum map is J([N t ])(X) — Jnyi ixM- 

Now the central extension of Diff(M, /j,)q, the minimal covering group © of 
Diff(M, /i)o on which the Lie algebra cocycle ujn can be integrated, can be realized 
geometrically with the help of the prequantizable symplectic manifold A4. 

Proposition 12. By pulling back the prequantization central extension for (A4, q*fi) 
by the Hamiltonian Diff(M, fj,)o-action, one obtains the central Lie group extension 
o/Diff(M, /x)o integrating the cocycle ojn ■ The symplectic manifold [M,q*p) can be 
realized as a coadjoint orbit with Kostant-Kirillov-Souriau symplectic form of this 
central extension of DifF(-M, u), as well as of the central extension o/Diff(M, w) 
integrating un ■ 

Proof. Let q : A4 — > A4 be the covering defined in the previous section. Using 
lemma 1 and proposition 3.4 in |NV03j . and observing that 

-q*HCx,CY) = uJ No (X,Y), 

we get the first part of the proposition. 

The actions of Diff(M, /i)o and Diff(M, /j)q on M. are Hamiltonian. These are 
also transitive actions, since the Diff ex (M, /i)-action on Ai is transitive [HV04 . 
The momentum map is injective because if J([N t ]) — J([N[]), then J N ^ a = J N , a 
for any (m — 2)-form a on M (since ixlt = ola, defines a divergence free vector field 
X). It follows that Nx = N[ and, since Jj^ , i X fi — L^n ixV>> in M the classes of 
[N t ] and [N[] coincide. 

Knowing from proposition 1 in |HVQ4| that a transitive Hamiltonian G-action 
on a symplectic manifold A4, with injective momentum map, provides an identifi- 
cation of the symplectic manifold with a coadjoint orbit of a 1-dimensional central 
extension of G with Kostant-Kirillov-Souriau symplectic form, we get the result. □ 
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